COMPACT ABELIAN TRANSFORMATION GROUPS(})

BY
L. N. MANN

1. Introduction. Floyd [5] proved the following result. Let G be a toral
group operating on a compact manifold X. Then if X has the homology groups
of an n-sphere over R (reals mod 1), the fixed point set F of G has the homol-
ogy groups of an r-sphere, —1=r=<#, over R. In this paper we show that the
above result depends only upon the homological properties of the compact
space X. A homological manifold with respect to R is defined as a connected,
locally compact, Hausdorff space of finite homological dimension over R
which is homologically locally connected over R and of type P(R), [12]. In
§6 we establish Floyd’s result for the case where X'is a compact homological
manifold with respect to R. To sharpen our result we show that if a toral
group operates on a homological manifold with respect to R, then each com--
ponent of the fixed point set is a homological manifold with respect to R.

In the process of establishing the above results we obtain in §5 the follow-
ing generalization of a theorem of Floyd [4]. Let G be a toral group operating
on a homological manifold X with respect to R and let K be a compact sub-
set of X. Then there are only a finite number of isotropic subgroups G.,
xE K. Although Floyd stated his theorem for a compact orientable manifold
X, his proof clearly holds for the case where X is a compact orientable homo-
logical manifold with respect to R. Mostow [8] extended Floyd’s result to
answer in the affirmative the following conjecture of Montgomery. If a com-
pact Lie group G operates on a compact manifold X, then there are only a
finite number of conjugate classes of isotropic subgroups G,, x&X.

The preliminary results of this paper depend upon a special homology
theory for the coefficient group R developed by Yang [13]. The author has
learned that many of the results of this paper have been obtained by Profes-
sor Floyd in independent research.

2. Cech-Smith special homology theory. Throughout this paper we shall
consider pairs (X, 4) where X is a locally compact Hausdorff space and 4
is a closed subset of X. By the one-point compactification process we use the
Cech homology theory for compact pairs to define a homology theory for
such pairs (X, 4) and a compact abelian coefficient group G. The two cases of
interest for G will be R, the group of reals mod 1, and Z,, the additive group
of integers mod p.
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The special homology theory we present now is due to Smith for §=2,.
Let K be a finite simplicial complex and T, a periodic simplicial map on K
of period p. Let M be a subcomplex of K invariant under T (i.e., T(M) = M).
We denote the fixed point set of T by L and assume that L and MNL are
subcomplexes of K and M respectively. We moreover assume that T is a
primitiwe simplicial map. By this we mean that each simplex in K—L has p
distinct T-images. We let C;(K), Z;(K), B;(K) and H;(K) denote the group
of j-chains, j-cycles, bounding j-cycles and the j-homology group of K with
coefficient group G. The boundary operator is denoted by 8. Now let 7 denote
the chain map 1 — T of C;(K) into itself and o the chain map: 14+7T472%4 - - -
+ T7-1, Clearly or=0=70. We use p or 5 to denote either ¢ or 7 (i.e. if p=0,
p=7 and vice versa). We may now define the special homology groups
H)(K, M) and H}(K, M) with respect to G as follows:

CiK) = {k € Ci(K) | ok = 0},
Ci(K, M) = Ci(K)/CiM),
Z(K, M) = {c+ Ci(M) € CAK, M)| ac € Ci(M)},
Bi(K, M) = 3Cin(K, M),
HYK, M) = Z{(K, M)/Bi{(K, M).
CiK) = {pk| k € Ci(K)},
CiK, M) = T(K)/T(M),
ZX(K, M) = {pc + T(M) € TyK, M) | dc € C;a(M)},
Bi(K, M) = oCii(K, M),
Hi(K, M) = Z(K, M)/B;(K, M).
Let Cu(K, M) = 32, Ci(K, M), Cu(K, M) = 220 C(K, M) and
(K, M) = > o CX(K, M). We shall now define a map «: Cu(K, M)
—CL(K, M). Let (c+Cu(M)) EC«(K, M). We let y(c+ Co(M)) = (pc+ C3(M))
ECiW(K, M). 1t is easy to see that v is well defined and a homomorphism

onto. Let B denote the inclusion map 8: C4(K, M)—Cu(K, M). We have then
the exact sequence

2.1) 0— UK, ) B cuk, i) L TUE, M) — o

Since 8 and 7y commute with 9 (since 87 = T9), (2.1) gives rise to the following
exact sequence:

(2-2) Tt -_’ﬁ::l-l(K, M) ﬁtH:(K) M) ﬁ Hi(K’ M) Zi ﬁf(K’ M) -

where ff and 4* are induced by 8 and v and of is an induced boundary homo-
morphism.
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We now turn our attention to a locally compact Hausdorff space X and a
primitive periodic map T on X of period p. We say T is primitive if, letting F
denote the fixed point set of T, each point of X — F has p distinct T-images.
If T is of prime period, it is automatically primitive. 4 is assumed to be a
closed subset of X invariant under T and (X, 4) represents the one-point
compactification of the pair (X, 4).

Letting {‘11“} be the collection of primitive special coverings of X (see
Smith [11]) which is cofinal in the set of all coverings of X, we denote the
nerve of U, by K, and the nerve of AN, by M,. If we let T,(x) = T(x) for
each vertex u of K,, then T, is a simplicial primitive map on K, of period p.
We denote the fixed point set of T, by L,. L, and M,N\L, may be seen to
be subcomplexes of K, and M, respectively. For each pair (K,, M,) we have
an exact sequence of the form (2.2). If U, refines U\, then there exists a pro-
jection mun: K,—K, such that mnT,= T ma. 7. defines a set of homomor-
phisms of the exact sequence for (K,, M,) into that for (K\, M,). Smith [11]
has shown that these homomorphisms are independent of the particular pro-
jection m,. From the relations 7,0 =0, and m.ap =pm, it follows that these
generated homomorphisms commute with ¢, 8 and v. Since the exact sequence
(2.2) for each u is made up of compact groups, we may consider the inverse
limit of the exact sequences and we obtain the exact sequence

(E) - ._,'}7;-.’“()(, A) s (X, A)£>H,~(X, A)lp?f;(X, 4)—- -

(E) defines the homomorphisms «, 8 and v and the special homology groups
of the pair (X, 4) and coefficient group G.

3. The coefficient group R. In this section we prove some needed proper-
ties of the special homology groups for §=R. We assume that T, K, M, L
and MNL are as in §2.

Lemma 3.1. Hj(K, M)=H,(K, M) for all j under the identity map.

Proof. We show first that C;(K) = C;(K).

Q) Ci(K) C C{(K).
Let c€C;(K). Therefore c=0d, d€ C;(K). Hence rc=r10d =0.

(ii) Ci(K) C THK).
Let c& C;(K). We may write ¢ in the following form:

LSNP
c=22alS+ 2 aS
k  i=0 l

where the S; are oriented simplexes in K but not in L and the S, are oriented
simplexes in L. Since ¢€ Cj(K) we have
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—

—

O=rc=Y2 2 all = TS + X ai(l — DS,
1 l

k  i=0
1

)

(a: — a;—l) T‘S;,.

0

R

Therefore at—a}™'=0 for all 4, k. Hence al=al= - - - =a27! for all k. Now
consider ¢/ = Y a)S;. We have

0 0k =
oc’ = Z oSy = E akz TSe = ZE arT Si.
k

k t=0 k=0

!

Let b; be an element in R with pb,=a; and consider ¢"' = Z; b:S;. We
have oc”’ = D bieSi= D1 pbiSi= Y 1 aiS:. Therefore c=a(c’+¢"’) and hence
ceCi(K). _ B

We now have Cj(K) = C;(K) and C;(M) = C;(M) from which (3.1) follows.

LemMma 3.2. H](K, M)®H; (L, MNL)=2H;(K, M) for all j under the iso-
morphism i induced by the identity map i: C;(K) & Ci(L)—C;(K).

Proof. We show first C;(K) =C;(K) @ C;(L) for all j. Let c¢E C;(K). Then
¢ =c1+c2 where ¢; consists of simplexes of K which are not in L and ¢, C;(L).
We have 0=0c=0c140ce. It follows that gc, consists of no simplexes of L.
Therefore ac1=0=0c¢.. Since gc;=0 and since ¢; consists of no simplexes of L
it follows from the primitivity of T that ¢;=7¢; for some ¢;E C;(K). Therefore
c¢=7c;+c: and we have Cj(K)=C;(K)®Cj(L). Similarly we have Cj(M)
=C;(M)® C;(MNL). Hence

Ci(K, M) = C{(K)/Ci(M) = T{(K)/T{M) ® Ci(L)/Ci(M N L)
=CHK, M) & C}(L, M N L).

Suppose ¢f € Zj(K, M) and let c* be the image of ¢! in C;(K, M)
®Cj(L, MNL). We have c*=(rc1+Cj(M)) + (c2+ C;(MNL)). Since c* is a
cycle

(3.3)

Ci1(M) D ac* = (drc1 + Croa(M)) + (8c2 + Ci_r(M N L)).

Now 7 annihilates all simplexes of L. Therefore drci=tdc, consists of no
simplexes of L. On the other hand dc; consists of only simplexes of L. There-
fore (re1+C;(M)) and (ca+ C;(MNL)) are both cycles and we have

(3.4) ZUK, M) = Z(K, M) ® Z{L, M N\ L).

(3.2) follows easily from (3.3) and (3.4).

We consider now the orbit space K* of K. Let G be the cyclic group gen-
erated by T, ie., G={Ti, i=0, 1, - - -, p—1}. The orbit space K*=K/G
of K has as elements the orbits (x, Tx, - - -, T?"x) of points x€ K. We shall
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assume that if @ is a vertex of K then star aMstar T(g) CL. With this as-
sumption K* may be seen to be a simplicial complex with M*= M/G a sub-
complex of K*.

Following the notation of Smith [9] we define the single valued map
A: K—K* by Ax=(x, Tx, - - -, TP~'x) for x€K. A then induces a chain
map A: C;(K, M)—C;(K*, M*). We consider now the following sequence
where ¢ is the inclusion map:

— ) A
(3.5) 0— Ca(K, M) — Cs(K, M) 5 Cy(K*, M*) = 0.

We shall show that (3.5) is exact.
(i) A is onto.
By Smith [9, p. 139] given ¢€ Cx(K*) there exists ¢/ECo(K) such that
Acd =c.
(ii) image +C kernel A.
Let (c+Ci(M))ECy(K, M). Then c=7c, for some ¢;E Cy(K). Therefore
Ai(c + To(M))
= A(c + Cx(M)) = (Arcr + Cx(M*)) = (A(c1 — Ter) + Cx(M*))
= (0 + C«(M*)).
(iii) kernel A C image 4.
Let ¢€ Cv(K). We show that Ac=0 implies c¢€ Cs(K) from which (iii) easily
follows. We may write ¢ in the following form:c= Y 4 > 223 et T5Si+ X 1015

where the S; are simplexes of K not in L and the S; are simplexes of L. We
have

-1 .
0=Ac= 2 X &AT'Si + X aiAS:.

k=0 ]

Let L* be the image of L under A. L* may be seen to be a subcomplex of K*.

Now let SF=AT°S,=AT'S,= - - - =AT*"1S; and S} =AS;. We have
bl B
0=2 2 aS*+ 2 aSt.
k  s=0 1

The first term of this expression consists of simplexes of K* which are not in
L* and the second term consists of only simplexes of L*. Hence

1
Y asS*=0=2 aSt
k i=0 ]
Since A is 1-1 on L, a;=0 for all Jand Y_; a;:Si=0. Therefore we note at this
point that if Ac=0, ¢ consists of no simplexes of L. It follows that the S}
are all distinct. Hence D _?=o at=0 for all k. We consider now oc:
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—1 . —1 . p—1
=3 2 aeTSe = 2 3 axoSi = Z( > a;:> oSi = 0.
k=0 k =0 k fo=0
Hence ¢ € C;(K) and since ¢ consists of no simplexes of L it follows from (3.3)
that c€Cy(K).
By (i), (i) and (iii), (3.5) is exact and since 8 commutes with ¢ and A,
we have the following exact sequence:

of it Af
(3.6) -+ — Hy(K* M*) > Hy(K, M) - H(K, M) — Hi(K*, M*) — - - -

where # and Af are induced by 7 and A and ¥ is an induced boundary homo-
morphism. .

As in §2 the preceding results can be extended to the case of a primitive
map T of period p acting on an invariant locally compact Hausdorff pair
(X, A). We have

(3.7) Hj(X, A)=H;(X, A) for all j under the identity map.

(3.8) H;(X,A)®H;(F, ANF)=H;(X, A) for all j under the isomorphism
#* as defined in (3.2).

From (3.7) and (3.8) we may consider H}(X, A) CH}(X, A) for p=0 or 7.
With this in mind consider the following two exact sequences:

B) - B, A) LB ) E T, 4) L Hp(X, 4) — - -,

ﬁ- 5 a _, % B 5
c —Hi(X, A) — Hi(X, A) — Hj.\(X, A) « Hi(X, 4) «— H;11(X, A)
= HoalX, 4) — - - -

Let 0>eC H)(X, A) and suppose Be=0. Then since (E) is exact, there exists
¢ CH (X, A) such that ae’=e. We have ¢ CH (X, 4) CHi (X, A).
Therefore consider ¢/ €H?,,(X, 4) in (E) and suppose B¢’ =0. Then corre-
spondingly there exists ¢/’ € Hjy,(X, A) such that ae’’ =¢'. Since H}, (X, 4)
CHj (X, A) we may consider ¢’ € Hj,,(X, A) and sequence (E) again. The
question arises as to whether such a process must terminate, i.e., whether for
some 7, e-~0 under B or B.

We show that such a process must actually terminate. Suppose on the
contrary that there exists an infinite sequence: e=e° ¢, - - -, e®, - . . satis-
fying the above properties. By assumption e>0. Therefore there exists a
primitive special covering N of X such that 0#me=enEHj(K), M)) where
m is the projection m\: Hj(X, A)—Hj(K\, M)). If we now consider the infinite
sequence: me, meé’, - - -, me®, - - - it also satisfies the above properties
when we replace (X, 4) by (K», M)). But K, is a finite complex. Therefore
there exists an integer N such that Ci(K,, M,)=0 for :=N. Therefore
H(K\, My)=0 for i=N, 8(p) =p or p. We now consider me®. We have
W)C(N)EH?_(,.N)N(K)\, M) =0. But me®M—me¥D— ... ome=e). Therefore
ex=0 which is a contradiction.

(E)
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LeEmMMA 3.9. Hi(X, A)=0 for all j>n implies Hj(X, A)=0=H4(X, A)
_for all j>n.

Proof. Suppose for some j>n there exists 0% e& Hj(X, A). Since H;(X, 4)
=0 for all j>n there clearly exists an infinite sequence: e=¢e°, ¢, - - -,
e, . - - as just considered. But this is impossible. Therefore H}(X, 4)=0
for all 5> and since HJ(X, A) CH}(X, A) we have (3.9).

Let X be a locally compact Hausdorff space and G a compact transforma-
tion group on X. The orbit space X*=X/G of G has as elements the orbits
{gx| gEG} of points x in X. If we consider the projection A: X —X* where
A assigns to each x in X the orbit containing x, we may give X * the customary
decomposition topology. X * is then also locally compact Hausdorff.

Letting T be a primitive map of period p on the invariant locally compact
Hausdorff pair (X, 4), letting G= {T", 1=0,1,---,p— 1} and considering
the cofinal collection of primitive special coverings of (X, 4), we obtain
from (3.6) the following exact sequence:

b
(N) -+ = Hy(X*, 4% S THX, 4) > Hy(X, 4) 5 H(X*, 4% — - - -
where a is induced by the 8*, b by the #f and ¢ by the A,
LeMMA 3.10. H;(X, A) =0 for all j>n implies Hi(X*, A*) =0 for all j>n.

Proof. By (3.9) H;(X, A) =0 for all j>n. Consider now the exact sequence
(N). Hi(X, A)=0=H;(X, A) for all j>n. Therefore H;(X*, A*)=0, all
j>n—+1. It remains to show that H,.1(X*, A*) =0. Since Hp41(X, 4) =0 we
have

b
ce Ho(X, A) — Ho(X, A) & Hoppa(X*, 4%) 0

is exact. Therefore a is one-one. To prove Ha1(X*, A*) =0 it will be sufficient
to show b is one-one. For this purpose we consider the exact sequence

< Hi(X, A) & Hi(X, A) & Hopi(X, A) - - -

By (3.9) H;,,(X, A) =0. Therefore 8 is one-one. Now Hy(X, A) CHy(X, A)
and clearly b=8 | H:(X, A). Therefore b is one-one.

For g=Z, (p being the period of T) the following result may be easily
established to replace (3.7) and (3.8).

(3.11) H}(X, A)®H;(F, ANF)=H}(X, A) for all j under the isomor-
phism induced by inclusion, p=¢ or .

We may now proceed to establish (3.9) for the coefficient group Z, and
we have the following generalization of a result of Smith [11].

THEOREM 3.12. Let T be a primitive map of period p on a locally compact
Hausdorff space X. Then if X has the homology groups of an n-sphere over Z,,
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the fixed point set F of T has the homology groups of an r-sphere, r =n.

Proof. By hypothesis H;(X) =0 for all j>n. Therefore Hj(X) =0, j>n.
The theorem now follows by the procedure of Smith [11]. Smith had assumed
the finite Lebesgue covering dimension of X in order to establish that the
groups Hj(X) eventually vanish. ’

4. Homological local connectedness and property Qv.

DEerINITIONS. Let X be a locally compact Hausdorff space and § a com-
pact abelian coefficient group. We say the komological dimension of X with
respect to G (abbreviated, dimg X) is less than or equal to » if H;(X, 4;8)=0
for all j># and all closed subsets 4 of X.

Let 4: (X, A)—(X’, A’) be an inclusion map and let a: Hi(X, A)
—H;(X’, A") be the map induced by 7. Then we shall denote the image of a
by H,(X, 4)| (X', A").

Let X be a locally compact Hausdorff space and T a primitive periodic
map on X. We shall say that a sequence: (4o, Bo) C(41, B1) C - - - C(4n, Ba)
is a r-regular sequence with respect to T and a compact abelian coefficient
group G if the following four conditions are satisfied.

(1) A4;, B; are compact subsets of X invariant under T, :=0,1, - - -, n.

(ll) A;CA,'_H, B,‘CB,'.H, 'i=0, 1, ey, n—1.

Gii) B;C4,,:=0,1, - -, n.

(lV) Hj(Ai, B,'; g)l (A.‘.'_l, B,’.H):O, alljgr, 'I:=0, 1, try, n—1.

LEMMA 4.1. Let T be a primitive map of period p on a locally compact Haus-
dorff space X. Let G= { T%4=0,1, - -, p-—-l} and suppose dimg X <n. Then

if (Ao, Bo) C(A1, B1) C - - + C(Any2, Bayo) isanr-regular sequence with respect
to T and R we have H;(Ao/G, Bo/G)|(An42/G, Bny2/G) =0, all jZr.

Proof. Employing a method of Smith [9] we may first establish that
Hj(A,, Bo)l (A ny1, Boy1) =0 for all j=7, p=0 or 7. A detailed proof of this
statement, applying sequences (E) and (E) of §3 to the r-regular sequence,
may be found in [6].

We denote 4;/G, B;/G by A¥*, B and consider the following commutative
diagram for k=7 where the 4's are induced by inclusion.

b 4 a
(No) + + - H;—1(Ao, Bo) — Hi—1(A,, Bo) — H(Ad, BF) - -

14 Lz
— aﬂ
(4. 2) (Nn+1) e Hk—l(An+l, Bn+1) (_+1 ch(An*-‘l-l) Bn*-‘l-l)

Cn+1

—— Hi(Ant1y Bur) <« - -
Suppose e Hy(A¢*, B*). Let i,e=¢’, aoe=¢"" and 1,¢"’ =¢€’”’. Due to commuta-
tivity we have a,.1¢' =¢’’’. We show that ¢’’’ =0. Consider ¢'’€ H;_,(A4,, Bo)
CH;_,(Ao, Byo) and the following diagram.
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(Eo) « + - < Hi—1(Ao, Bo) ‘—— Hk—l(Ao, Byo) - FE(AO, By) « -
4.3) lig 114
(En+l) A H;—I(An+l) n+l) (_'H-—l ﬁl:(An+l, n+1) — o .

Since (Ny) is exact in (4.2), boe”’ =beaoe=0. Therefore Boe’’ =0. Since (Ey) is
exact there exists e'iV)& Hy(4, Bo) such that aeei¥) =¢". Since % >r, 1V =0
and since (4.3) is commutative, 43¢’ =0. Furthermore since ¢’ € Hy_,(4,, Bo)
CHj_,(Ay, By) we have e =41¢" =43¢/ =0.

Since ¢ =0 and since (N,41) is exact in (4.2) there exists e
€ Hiy(A ny1, Bryy) such that cap1e® =¢’. Now consider.

(Nard) -+ - Ho(Aka, B e Hu(Ane, Bags) — - - -
(4.4 Ls Lis
(Nups) - - H(Aka Ba) o2 Hy(Anss, Bags) — - -

By hypothesis 4¢( =0. Therefore by commutativity 0=1ze’ =452¢ where
tste: Hi(Ag, By)—Hi(Ajys, Biys). But e was an arbitrary element of
H(A3, By) and k was an arbitrary integer 7.

We now define homological local connectedness and property Qv for a
locally compact Hausdorff space. With the aid of (4.1) we are able to show
that these two properties are transmitted under a primitive periodic map from
a space of finite homological dimension to its orbit space. These are known
results of Smith (property Q¥ replaced by the stronger property Q of Smith
[10]) for the case of transmission to the fixed point set under the added as-
sumption that the original space has finite Lebesgue covering dimension and
for coefficient group Z,. The methods used in this section could be easily
adapted to obtain Smith’s results for the case where the assumption of
finite Lebesgue covering dimension is replaced by the less restrictive assump-
tion of finite homological dimension (over Z,) of the original space.

DEFINITION. Let X be locally compact Hausdorff and G a compact abelian
coefficient group. X will be said to be komologically locally connected from the
dimension r over G (abbreviated HCL, over G) at a point xyEX if given a
compact neighborhood U of x, there exists a compact neighborhood V of x,
such that VCU and H;(V; g)l (U)=0for all j=r. X will be said to be HLC,
over Gif it is HLC, over G at each of its points. We shall denote HLC, simply
by HLC. Hy(V; Q) will denote the reduced group.

LEMMA 4.5. Let T be a primitive map of period p on a locally compact Haus-
dorff space X. Let G= {T‘, 1=0,1,2,:- -, p—l} and suppose dimg X <n.
Then if X 1s HLC, over R at a point xo&X, X/G=X* is HLC, over R at
Ax=xj.
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Proof. Since A: X—X* is a local homeomorphism at points of X — F and
since HCL, is a local property, we may assume xo& F. Suppose V* is a com-
pact neighborhood of x5 in X*. Then V=A"!'V* is a compact invariant
neighborhood of % in X. Since X is HCL, at xo and since x¢& F, we may
choose a sequence UgC U1 C - + + C Uny2=V of compact invariant neighbor-
hoods of x¢in X with the property H;(U .~)| (Uiy1) =0, all j=7 for all 4. There-
fore UyC U C - - + CUnye="V is a r-regular sequence with respect to T and
we have by (4.1) that H;(Ug )I (V*)=0, all j=r. We need only remark now
that Us C V* is a compact neighborhood of xj.

DEFINITION. Let X and G be as before. X will be said to possess property
Qv(Q) at a point x¢& X if for every neighborhood 4 of x, there is a neighbor-
hood B of xo contained in 4 and with the property that whenever C is a
neighborhood of x, contained in B, there is a neighborhood D of x, contained
in C such that, for every j, H{(X—C, X—A4; g)l (X-D, X—-B)=0. If X
possesses the property Q”(G) at each of its points, then X is said to be of
type Qv(Q). As already mentioned, Qv is a weakened form of Smith’s property
Q.

LEMMA 4.6. Let T, X and G be as in (4.5). Then if X possesses property
0*(R) at %€ X, X/G possesses Q*(R) at Axo=x;.

Proof. As in (4.5) since Q" is a local property we may assume xo& F. Sup-
pose A* is a neighborhood of xj in X* Then A =A"'4* is a neighborhood of
%0 in X. Since x0EF, let A, be a bounded invariant neighborhod of x¢ con-
contained in A. Since X possesses Q*(R) at xo we may choose a sequence
ADADAD - - - DAnys such that each A4, is an invariant neighborhood of
%o and each A ;41 is a “B” (as in property Q¥) of the preceding 4.. Consider
now B*=A},, which is a neighborhood of x§ in X*. Suppose that C* is a
neighborhood of x3 in B*. Then C=A"!C* is a neighborhood of x, (in X)
contained in 4 .;2. We now choose a sequence CDCoDC1D - + + D Cnye Where
each C; is a bounded invariant neighborhood of x¢ and each C;;, is a “D”
of the preceding C;. Let D*=AC,;2. D* is a neighborhood of x5 in X*. Con-

sider now 4¢D41D -+ - DAn2DCoDCD -+« - DCaya and let Au=4,. The
sequence

(Ax — Coy Ax — Ao) C(Adsx — C1, Ae — A1) C -+ - C (Ax — Cuy2, As — Any2)
may be seen to be 0-regular. Therefore we have from (4.1)
0 = Hy((4s — Co)*, (4s — 40*) | (A« — Cup2)*, (4x — Aay2)¥)
= Hj(Ay — Co, As — A)| (A% — Chya, A% — Ay
o H,(X* — Co, X* — Ay)| (X* — D*, X* — B*), all .
Therefore Hi(X*—C*, X*—A*)|(X*-—D*, X*—~B*) =0 for all j and X*

possesses 0”(R) at xj.
With (3.10) we have the following result.
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LEMMA 4.7. Let T be a primitive map of period p on a locally compact Haus-
dorff space X and let G={T%,i=0,1,2, - - -, p—1}. Then dimgr X S n implies
dimz X/G<n.

With (4.7) we may easily extend (4.5), (4.6) and (4.7) to the case of a
finite solvable transformation group G. The proofs simply involve an investi-
gation of the operation of the factor groups of the composition series for G.
These last results will play an important role in §6 of our paper.

5. Toral groups on a homological manifold. In this section we prove our
first main result, (5.5), which will be used in §6 to prove the two other main
results of this paper. The following definitions are due to Yang [12].

DEFINITIONS. Let X be a locally compact Hausdorff space, G a compact
abelian coefficient group, and # a non-negative integer. A non-null bounded
open subset U of X and a subgroup S of H,(X, X — U; Q) are said to form a
fundamental (G, n)-pair (U, S) if the following three conditions are satisfied.

(i) S=aq.

(i) Whenever W is a non-null open subset of U, the natural homomor-
phism of H.(X, X—U; Q) into H.(X, X —W; Q) maps S isomorphically
onto Sl X, X-w).

(iii) Whenever y is a point of U and V is a neighborhood of y, there is a
neighborhood W of y contained in UNV such that

Hi(X,X - V;9) | (X, X —W) =0, j#n,
H(X,X - V;9| (X, X - W) C S| (X, X — W).

We say that X possesses the property P,(G) at a point xo in X if there
" exists a fundamental (G, #n)-pair (U, S) with x€E U. (We shall refer to U
as a fundamental neighborhood of x, with respect to G.) Yang [12] has shown
that if X possesses property Pa.(G) at xo, then X possesses Q(G), hence
Qv(9), at xo. X is said to be of type P(G) if X possesses P,(G) at every point
x& X, n depending upon x. If 7 is a constant over X, then X is of type P.(Q).
A connected space of type P(G) may be seen to be of type P,(G) for some n.

A space X will be said to be a homological n-manifold (abbreviated n-hm)
with respect to a compact abelian coefficient group G if the following four
conditions are satisfied

(i) X is connected, locally compact Hausdorff.

(ii) dimg X is finite.

(iii) X is HLC over G.

(iv) X is of type P.(9).

A homological manifold was originally defined by Smith [10] for the
coefficient group Z, and later extended by Yang [12] to arbitrary compact
. abelian G. Our definition of homological manifold differs from that of Smith,
Yang and Floyd [4] in that we replace the requirement of the finite Lebesgue
covering dimension of X by the less restrictive condition (ii). It follows, by
the way, from (ii) and (iv) that dimg X =n.
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An n-hm X with respect to G will be said to be orientable if H,(X)=xg.

The main result of this section, (5.5), is a generalization of a result of
Floyd [4]. Floyd assumed the compactness, orientability and finite Lebesgue
covering dimension of the hm X to obtain his result. In order to generalize
Floyd'’s result to (5.5) it will first be necessary to extend some of Floyd’s pre-
liminary results in [4] to the locally compact case and replace the condition
of finite Lebesgue covering dimension by the condition of finite homological
dimension. The latter task is immediately accomplished through the applica-
tion of (3.9) which shows that the eventual vanishing of the homology groups
of a space, in itself, implies the eventual vanishing of the special homology
groups. The extension from compactness to local compactness in the pre-
liminary results in [4] is entirely straightforward, utilizing a result of the
type (4.1) for the fixed point set of T (instead of the orbit space) and the
coefficient group Z, (e.g. see [4, (3.2)]). We list below for reference in the
proof of (5.5) the generalizations in question and with the exception of (5.3)
omit proofs. (5.1) and (5.2) are essentially due to Smith [10].

(5.1) Let G be an abelian transformation group of prime power order p* oper-
ating on an n-hm X with respect to Z,. Then each component of F, the fixed point
set of G, is an r-hm, r <n—1, with respect to Z,. If X is orientable, then so is
each component of F.

(5.2) Let G and X be as in (5.1). Suppose VoCViC -+ - CVinyny 5 @
sequence of compact invariant subsets of X with Hy(V; Z,.)l (V,+1) 0,alliand
i. Then Hy(VoNF; Zp)| (Vi F) =0, all j.

(5.3) Let G be a toral group operating on an n-hm X with respect to Z,,
p prime. Let G; be the set of all elements in G whose order divides p*. Then for
every point xS F(G) and every bounded neighborhood U of x in X, UNF(G,)
= UNPF(G) for i sufficiently large.

Proof. Suppose on the contrary that UNF(G,) is not eventually constant.
Then for each 7 there exists an x;& Uf\F(G.) with x; UNF(G). [Note
F(G)=NF(G,).] The sequence xi, 3, - - -, %;, - - - has a limit point x, in T.
We denote F(G;) by F;. Now lim F;=F in the sense that given any neighbor-
hood U of Fin X, F;C U for 1 sufficiently large. We show x(E F. Since lim F,
=F we have lim(F;N\TU)=FNT. Suppose xo&EFNT. Since X is regular,
there exist neighborhoods V; and V; of xo and FNT respectively such that
ViNV,=&. Now F.N\T C V; for 1 sufficiently large, say 4= N. On the other
hand for some s= N, x,& V, which is a contradiction since x,EF.N\TU C V..
Hence x € FNUCF.

Let W be a connected invariant neighborhood of xo. Then W is a hm with
respect to Z,. The point o is in a component C; of WNF (G;) for each 1. By
(5.1) each C is a hm with respect to Z,. Since dim, C; must be eventually
constant and since, for j>1, G; may be seen to leave C; invariant, we have by
(5.1) that Cxy=Cy41= - - - for some large M. Let V be a neighborhood of x,
such that VM Fy CCy. This is possible since Fu is HLC over Z,. Then
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VNF;CC; for i= M. Now for some m sufficiently large x,&E V and m> M.
Hence x, €& UNVNF,CCaNU.Since Cn=Cpt1= * * * , 6mECNUCFNU
for all 4=m which is a contradiction since x, € FN\U. Hence UNF; must be
eventually constant.

(5.4) Let G and X be as in (5.3). Let x& F(G) and let U be a bounded in-
variant neighborhood of x. If VoCViC + + + C Vi CU s a sequence of com-
pact invariant subsets of X with H;(Vs; Z,)| (Vi) =0 for all i, j, then
Hj(VoNF; Z)| (Viasy\F) =0 for all j.

DEFINITION. In the manner of Floyd [4] we now define a general homo-
logical manifold. (Actually Floyd uses the term homology manifold.) X will
be called a general homological manifold (abbreviated ghm) if it is a hm with
respect to Z, for all primes p and if the following strengthened form of HLC
holds: If xo&€X and U is a compact neighborhood of x,, then there exists a
compact neighborhood V of xo, VC U, such that H;(V; Z,,)| (U)=0 for all j
and all primes p. X is said to be orientable if it is orientable with respect to
all Z,. X is said to be locally orientable if each point of X possesses a neighbor-
hood which is an orientable ghm. Following Floyd we may easily show that
under the action of a toral group on a ghm each component of the fixed point
set is also a ghm. In addition orientability is carried over to the components
of the fixed point set.

THEOREM 5.5. Let G be an elementary group operating on a locally orientable
n-ghm X. Suppose Gy, Gy, - - -, Gi, - - - 15 a sequence of closed subgroups of G
with lim G;=G. Then for every point xE F(G), there exists a neighborhood V of x
such that VONF(G;) = VOF(G) for i sufficiently large.

Proof. As in [4, (4.4)] we may suppose that G is a toral group and that
the order of each G; is the power of a prime, say p{*. In fact we outline this
part of the argument from [4]: By considering the identity component H
of G operating on X we can show that it is sufficient to prove the theorem for
G a toral group. Next observing that within each elementary group G: we
may find a finite subgroup which is (1/4)-dense in G;, we conclude that it is
sufficient to assume each G; finite. Lastly assuming that the theorem is true
in the case where the order of each G; is the power of a prime, we may prove
the theorem by an inductive argument on the dimension of G.

We suppose contrary to the theorem that there exists a point xo& F(G)
such that for every neighborhood W of xo in X, WNF(G,) is not eventually
constant. We note that lim F(G,) = F(G). We now show that FG,;= F; converges
regularly to Fg=F. By this we mean that given a point x& F and a compact
neighborhood Q of x in X, there exists a compact neighborhood Y of x,
Y CQ, with H;(YNF;; Z,)| (QNF:) =0 for all 4, j and with H}(YNF; Z,)
| (QNF) =0 for all j and all prime p. To prove this we select a bounded in-
variant neighborhood V of x, VCQ, and a sequence YoC V1C : + - CY@msin
CVCQ of compact invariant neighborhoods of x in X with H;(Y;Z,)
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I (Yi41) =0 for all &, j and all prime p. The regular convergence of F; to F now
follows from (5.2) and (5.4).

The point x, is in a component C; of each F; and each C; is open in F;
since F; is locally connected. From the regular convergence of F; it follows
that for each point x & C (C is that component of F containing x,) there exists
an open neighborhood W, of x in X such that W.NF;CC; for all 4. Let
W=U.ec W.. Then W is an open neighborhood of C and since lim C;=C,
C;CW for 1 sufficiently large, say 1= Ni1. Therefore C;CWNF;CC; and
Ci=WNF, for all 1= N,. It then follows that C; converges regularly to C for
all 'l:gNl.

Let U be a bounded invariant neighborhood in X of x, which is an
orientable n-ghm. If C consists of more than x, we may choose U so that
UNC; is a proper subset of C; for all 7. Let F*=F,N\U and let C¥ be that
component of F¥ containing xo and C* that component of F* containing x,.
From our previous arguments we may choose an open neighborhood W* of
C* in U (hence in X) such that W*NF¥=C¥ for ¢ sufficiently large, say
1= N,. In fact we have W*NF;=W*N\C;=W*N\F}=C¥ for = N,. By our
assumption at the beginning of the proof W*MNF;= C¥ is not eventually con-
stant.

Next choosing an invariant neighborhood U,_; of %o such that U._sC W*
and U,_, is an orientable n-ghm, we may find as above a neighborhood Wj_,
of xo such that Wr_,CW* and Wi_N\C;=Wi_iNF} is a connected set for ¢
sufficiently large, say 1= Ns. In fact we may choose a sequence W*=W,
DWE D - - - DW?*, of open neighborhoods of x, in X such that for each %
(i) W*C Wiy, and (ii) WENCi=WFNF¥ is a connected set for all ¢ suffi-
ciently large, say 1= M. We consider from now on only 1= N =max(N,, M).
Let us remark that since U is an orientable #-ghm, each Ci* is an orientable
ri-hm, r;<n, with respect to Z,, and C* is an orientable ghm.

We employ now Floyd’s theory of closed coverings [3]. Consider U and
let a_; be a closed covering of U in X. By a closed covering of U in X we
mean a finite collection of compact sets in X such that each point of T is
in the interior of at least one of these sets. Let U{a_1} =D_, where U{a_,}
denotes the point set union of the compact sets in the covering a_;. If C con-
sists of more than x, we may as well assume that D_y/N\C; is a proper subset
of C; for all 5. We choose a sequence D_1DD¢D - - - DD,DU of compact
neighborhoods of x, such that D, Cint D, for all 2. Now let A, =D, — W;*.
Then the A are compact with A;Cint Ai_, for all k. We have (D_;, A_y)
D (Do, 40) D+ D (Ds, As). Moreover H;jDn, N Ci, A.NC)
= H(DaN\Ciy DaNCi— WaN\Cy) = Hi(DaNCs, DaNCi— CX)2H;(C¥) for all j
and all i = N where H;(C¥*) denotes H;(C¥Uw, w), w being the point at infinity
[1, p. 273].

We denote {a@_1NA_1} by 1 (where {@aiMA_y} is the trace of a_; on
A_;) and we consider the closed covering (a_i, B-1) of (D_1, A_;). We shall



1961] COMPACT ABELIAN TRANSFORMATION GROUPS 55

construct a closed covering (o, 8o) of (Do, Ao) such that ayN\Ci>"a_yNC; for
all ©= N, coefficient group Z,, and a¢"\C>"a_yNC for all Z,, p prime.
(“>*" is the strong n-refinement condition of [3].) Furthermore B,N\C;
= {aN4o}NC>*{aiNA L} NCi=BNC; for all 12 N, coefficient group
Zy;, and BNC>"B_yNC for all Z,, p prime. Let v be a star-refinement of
a_; where by a star-refinement we shall mean the following: v is a closed
covering of U in X with a projection m: y—a_; such that if V is in 7 then
every element of vy which intersects V is in 7 V. We consider first points of 4.
Let yo&A4,. There exists a closed set V,, of v which contains v, in its interior.
Now y,&A4,Cint A_,. Therefore there exists a closed neighborhood W,, of y,
in X which is contained in V,M\A4_,. Since C; converges regularly to C for
all 1= N, there exists a closed neighborhood Q,, of ¥, contained in W,, such
that: H;j(Q,,N\Ci; Z,)| (W,,NC)) =0, all j and all =N and H;(Q,,N\C; Z,)
| (W, C) =0, all j and all prime p. Consider now af = {Qs] ¥0EA40}. We
have U4, {int Qv,} DA, and since 4, is compact we may choose a finite sub-
class a¢’ Cad which covers Ay. Let E=Dy—U {int ag’ } Then E is compact. -
We now consider a point zo& E. There exists a closed set V,, of ¥ which con-
tains 2 in its interior. Since z0€int D_,, there exists a closed neighborhood
W, of 20 in X which is contained in V,/\D_;. Now X — A4, is open. Therefore
there existsa closed neighborhood W, of zoin X such that W,,C W,N(X —A,).
Again since C; converges regularly to C for 1= N, there exists a closed neigh-
borhood Q;, of 2o in X contained in W,, such that: Hj(Q.;"\C:; Z,,)| (W.,N\C))
=0, all jand all s2 N and H;(Q.,,N\C; Z,)| (W.,,N\C) =0, all j and all prime p.
Consider now &'’ = {Q.,| 50€E}. We have U,,cx Q,,DE and since E is com-
pact we may choose a finite subclass ai” Cag’’ which covers E. Let ay
=af’"Ual. Then ay is a closed covering of Do and we have the following
where “>*” is the n-refinement condition of [3].

aoNC;>"yNC;, all 12 N, coefficient group Z,,.
(5.6) aoC>"yNC, all coefficient groups Z,, p prime.
) aNANCi=ad’ NC;>*yNA_1NC;, all 1= N, coefficient group Z,,.
a)NANC=ay' NC>"yNA_NC, all Z,, p prime.

Since v is a star refinement of a_;, we may extend the #n-refinement of
(5.6) to strong n-refinement if we replace v by a_; [3, (2.2)]. In fact in the
above manner we may choose a sequence a_i, ay, - * - , @, of closed coverings
of D_y, Dy, - - -, D, so that for all &

axMNC>"a 1N, all 12 N, coefficient group Z,,.
(5.7) axM\C>"_yNC, all Z,, p prime.
T aNANC D NAraNC, all i2 N, Z,..
axNANC>my 1NA,NC, all Z, p prime.

We let i = {4, }. Since lim C;= C we have that for ¢ sufficiently large,
say 12 M, (a.MNC;, B.NC;) and (anNC, BaNC) have the same nerves. Let
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s2max(M, N) and consider the following commutative diagram where the
coefficient group is Z,,:

i .
Hy (AN C) 28 H, (Doy N Cy ALy N C) &=~ H, (D, N C.)

Tia . T 4o v Tin
(5.8) Hys(Aw N C) 2 H, (Do N Coy A N C) — H,(Da N C.)
l T—1 . l mo l T+1

k
Hr,-l(ﬂn N Ct) (_JL Hr,(an A Cn Ba N Cx) (—'i Hr,(an N C3)°

Now C, is an r,-hm, r,<n, with respect to Z,,. We first consider the case
where C does not consist of only the point x,. We may then assume that
D_,NC, is a proper compact subset of C, and we have that H, (D_,NC,)=0
by an easy generalization of [4, (2.5)]. Now

H,(D.N\C,y AuNC,) = H (D.N\Cyy Da N\ Cy, — CF),
H.,(D.NCyy AiNG,) = H, (DN Cyy D.yNC, — WX N C,)

and WX,NC, is an open connected subset of C*. Since C;*is in turn a con-
nected subset of the 7,-hm C, it follows from [10, Lemma 10] that 4, is one-one
onto. We show m is one-one. Let e€ H,,(D.NC,, A:MNC,) and suppose moe=0.
Then 7_1joe=0 and by [3, (2.3)], i_1jee =0. By commutativity j_iiee =0. Since
the top sequence of (5.8) is exact, there exists an element ¢’ € H,,(D_yNC,)
such that k_je’ =1¢e. But H, (D_1NC,)=0. Hence 7¢¢=0 and consequently
e=0.

Now Cisa ghm. Suppose dimz,, C=r. We show 7,=r. Suppose r,>r. Since
C is an r-hm with respect to Z,, H,(as N C, B M C) = 0. Therefore
H, (a.MNC,,B:MNC,) =0and since mois one-one we have 0= H, (D.NC,, A.NC,)
~H, (C¥=Z,, which is a contradiction. If we suppose on the other hand
that r>r,, then we may interchange the roles of C, and C and obtain
H.(C*; Z,)) =0 which is also a contradiction since C* is orientable. Hence
re=r.

Now let us return to the case where C= {x,}. Since lim C;=C we may as-
sume C,C UCD.CD_1. Therefore i, is one-one onto. Since C= {x,}, r=0
and 0=H, (a.NCO)=xH, (axN\C;). We show H, (D.NC,)=0. Let 03¢
€H,,(D.NC,). Since m41e=0 we have i.1¢=0, [3, (2.3)], which implies e=0.
Therefore H,,(D_iN\C,)=H,,(D.NC,)=0 and we may proceed as before.
Hence in any case we have 7,=v.

If C¥=C*, then C* is a proper closed subset of C* and since C* is a r-hm
with respect to Z,,, H,(C*; Z,)=0 by a generalization of [4, (2.5)]. This,
however, is a contradiction since C* is orientable. Hence C¥= C* and since
s was an arbitrary integer = max(M, N), C* is eventually constant. This is
again a contradiction from previous remarks and therefore (5.5) follows.
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DEFINITION. If G is a transformation group on a space X, the ¢sotropy group
G. at a point xC X is defined as the set of all gEG which leave x fixed.

COROLLARY 5.9. Let G be a toral group on a locally orientable n-ghm X. Let
A be a subset of X such that if x, yC A with x>y, then G,5~G,. Then A is dis-
crete.

Proof. Suppose x, is a limit point of A. By [7] there exists a bounded
neighborhood V of x, such that G, CG., for all x€ V. Let {x;} be a sequence
of points in ANV such that the corresponding sequence of isotropy groups,
{G..}, converges to some subgroup H of G.,. We now consider the elementary
group H operating on X. We have xo& F(G,,) CF(H). Hence by (5.5) there
exists an invariant neighborhood U of x,, UCYV, such that UNF(G.,)
= UNF(H) for ¢ large, say ¢= N. Let x,, x,&€ U such that s¢s and r, s= N.
We have x,&EF(G.,)N\U=F(G.)N\U. Hence x,EF(G.,) and G.,CG;,. Simi-
larly by reversing r and s we have G.,CG,, Hence G.,=G., which is a con-
tradiction since x,, x,EA4.

COROLLARY 5.10. Let G and X be as in (5.9) and let K be e compact subset
of X. Then there are only a finite number of distinct isotropy subgroups G.,
xEK.

An n-hm X with respect to R may be seen to be a locally orientable #-ghm.
From Yang [12] it follows that X is of type P.(Z,) for all primes p and since
X is HLC over R, the strengthened form of HLC for all primes follows from
the universal coefficient theorem. By [12, Remark 6] every point of X has a
neighborhood orientable with respect to R. Hence X is locally orientable. It
therefore follows that (5.5), (5.9) and (5.10) hold for an #-hm X with respect
to R.

6. The fixed point set. With (5.10) and the result that homological local
connectedness over R is transmitted under a finite solvable transformation
group from a space of finite homological dimension to its orbit space (see
§4), we are able to tie in with the methods of Floyd in [5] to obtain the gen-
eralization discussed at the beginning of the introduction. We have the fol-
lowing preliminary result.

LEMMA 6.1. Suppose the circle group G operates on an n-hm X with respect to
R. Then the fixed point set F of G s HLC over R.

Proof. We first show that given a compact neighborhood V¥ in F of a point
x0& F, there exists a compact neighborhood W¥ of x,, WFC VF, such that
H(WF, Z,,.)I (VF)=0 for all j and all positive integral m. By (5.10) there
exists an invariant neighborhood U of xy in X such that there are only a finite
number of distinct isotropic subgroups G. of points x&€ U. Hence there is a
finite subgroup H of G containing all the nontrivial isotropic subgroups. Since
U is HLC over R and H is finite abelian, the orbit space U’'= U/H is HLC
over R. The methods of Floyd take over at this point. Floyd had assumed that
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X was a compact manifold to arrive at a similar point. We conclude the proof
by outlining Floyd’s procedure. The group G’=G/H operates on U’ and
FNU may be identified with the fixed point set of G’ on U’. Consider
20EFNUCU’ and let V' be a compact neighborhood of x, in U’. Since U’
is HLC over R we may choose a sequence W{ CW{ C - - - CW, =V’ of
compact neighborhoods of x, in U’, invariant under G’ and with
H(W|_,; Z,,.)| (W!)=0 for all 4, j and all integral m. Now fix m and let g be
an element of G’ of order m. Then g is a primitive map of period m on U’
with fixed point set FN\U and we have H;(W{ NF; Z,,.)I (V'NF) =0 for all j.
Considering V'NF as VF and letting WF = W{ NF we have the strengthened
form of HLC for F (with respect to all coefficient groups Z,,, m integral) men-
tioned at the beginning of the proof.

By continuing to follow Floyd in [5] we may extend this result to the co-
efficient group R and thus obtain (6.1). A compact neighborhood U of x&EF
is fixed. We form a sequence U=V_1D VD - - - DV, of compact neighbor-
hoods of x such that V;, is contained in the interior of V; and such that
H{(Va; Z,,.)I (V_1) =0 for all 7 and all integral m. It may then be established
that H(Vaa; R)| (V1) =0 for all 7+ (which proves the lemma) by showing
that whenever a is a closed covering of V_;in X, there exists a closed covering
B of Vs, such that B refines @ and H;(8; R)| (@)=0foralls<n.

THEOREM 6.2. Suppose the toral group G operates on a compact n-hm X
with respect to R which has the homology groups of an n-sphere over R. Then the
fixed point set F of G has the homology groups of an r-sphere, —1 <r <n, over R.

Proof. With (6.1) the proof follows exactly as in [5]. By (6.1) Fis HLC
over R and since X is compact, F is compact. It then follows from [3] that
the groups H;(F; R) are elementary for all j and thus the integral cohomology
groups of F are finitely generated. By (5.3) and an obvious generalization of
(3.12) it follows that F has the homology groups of an r,-sphere, 7, <%, over
Z, for each prime p. Using the universal coefficient theorem (6.2) now follows.

The following result sharpens (6.2). Since its proof appears to be some-
what long and tedious we shall present simply an outline of it. Details of the
proof may be found in [6].

THEOREM 6.3. Let G be a toral group operating on an n-hm X with respect
to R. Then each component C of the fixed point set F of G is an r-hm, r <n, with
respect to R. If X 1is orientable, then so is each C.

Proof. Conditions (i) and (ii) of an hm immediately follow for each C
and by (6.1) each C is HLC over R. We outline the argument that each C
is of type P,(R), r <n. With a proof exactly analogous to the first part of
(6.1) we show that F is of a strengthened type Q*(Z.) for all integral m, i.e.,
there exist neighborhoods “B” and “D” of each x & F which hold for all coeffi-
cient groups Z,.. Now fix a component C of F, a point xo& C and a neighbor-
hood U of x in C. It follows from the last result that there exists a neighbor-
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hood W of xo, WC U, such that if Q is any neighborhood of xy, Q C W, then
H;(C, C-U; Z,,.)I (C, C—W)—H;(C, C—Q; Z,) is one-one for all j and all
positive integral m. By (5.1) and (5.3) C is an r,-hm, r, <n, with respect to
each Z,, p prime, where r, depends upon the particular prime p. However it
can be shown that r,=r for all primes p. Now it follows that with W as
before

H{(C,C-U;Z,)|(C,C—W) =0

for all j>r and all primes p. This last result can be extended to the coefficient
group R for a suitable neighborhood W’ of xo, W CW. Now since C is HLC
over R it can be shown that there exists a neighborhood V of x¢in C, VCU,
such that H;(C, C—U; R)| (C, C—-1Y) is elementary for all j. We may now
establish that there exists a neighborhood W'’ of xo, W' C W/ C U, such that
W'’ enjoys the same properties as W’ with the additional condition that

H,(C,C—-U;R|(C,C—-W" =R

It now follows that C is of type P,(R).

If X is orientable with respect to R, then by (5.1), (5.3) and [12, p. 269]
each C is orientable with respect to all Z,, p prime. Since by [12, Remark 7]
H,(C; R) is isomorphic to either Z, or R, it follows that each C is orientable
with respect to R.
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